The main goal of this work is to perform a nonolonomic deformation (Fedosov type) quantization of fractional Lagrange geometries. The constructions are provided for a (fractional) almost Kähler model encoding equivalently all data for fractional Euler-Lagrange equations with Caputo fractional derivative. For homogeneous generating Finsler functions, the geometric models contain quantum versions of fractional Finsler spaces. The scheme can be generalized for fractional Hamilton systems and various models of fractional classical and quantum gravity. We conclude that the approach with Caputo fractional derivative allows us to geometrize both classical and quantum (Fedosov type) fractional regular Lagrange interactions.
Introduction
This paper is a "quantum" partner work (in the meaning of deformation quantization) of the article [1] on almost Kähler models of fractional Lagrange-Finsler geometries. It belongs to a series of our works on fractional (i.e. non-integer dimension) nonholonomic spaces, theirs Ricci flows and certain fractional type gravity and geometric mechanics models [2, 3] 1 .
There are some preliminary attempts (see, for instance, [4, 5, 6] ) to quantize fractional mechanical models and field interactions as generalized quantum mechanics and related fractional quantum field theories. Such constructions are for some particular cases of fractional calculus and physical models. It is not clear if and how a general formalism encoding quantum fractional theories can be elaborated.
Following the geometry of nonholonomic distributions modelling geometries of non-integer (i.e. fractional) dimensions, a self-consistent quantization formalism can be elaborated following the Fedosov deformation quantization [7, 8] . The original constructions were provided for classical and quantum Kähler geometries. Latter, the approach was generalized for almost Kähler geometries [9] which allowed to include into the quantization deformation scheme various types of Lagrange-Finsler, Hamilton-Cartan and Einstein spaces and generalizations, see papes [10, 11, 12, 13] and references therein.
A geometrization of fractional calculus and various types of fractional mechanical and field theories is possible for the so-called Caputo fractional derivative, see details in [2, 3] . For fractional regular Lagrange mechanical models, such effective geometries can be derived as almost Kähler configurations with more "rich" geometric nonholonomic and/or fractional structures [1] . This suggests a "realistic" possibility to quantize in general form, following methods of deformation quantiation, various types of fractional geometries and physical theories which via nonholonomic deformations can be re-defined as some types of almost Kähler spaces. In this article, we show how to perform such a program for fractional Lagrange spaces.
This work is organized in the form: In section 2, we remember the most important properties and formulas on Caputo fractional derivatives and related nonholonomic (co) frame formalism for fractional tangent bundles. Section 3 is devoted to definition of Fedosov operators for fractional Lagrange spaces. The main results on deformation quantization of fractional Lagrange mechanics are provided in section 4. Finally, we conclude and 1 readers are recommended to consult the main results and conventions in advance discuss the results in section 5.
Preliminaries: Fractional Calculus and almost Kähler Geometry
We outline some necessary formulas and results on fractional calculus and nonholonomic geometry, see details and notation conventions in [1, 2, 3] . 2 
Caputo fractional derivatives
There is a class of fractional derivatives which resulting in zero for actions on constants. This property is crucial for constructing geometric models of theories with fractional calculus.
We define and denote the fractional left, respectively, right Caputo derivatives in the forms
The fractional absolute differential α d, corresponding to above fractional derivatives, is written
, where we consider 1 x i = 0.
For a fractional tangent bundle α T M for α ∈ (0, 1), associated to a manifold M of necessary smooth class and integer dim M = n, we write both the integer and fractional local coordinates in the form u β = (x j , y a ). The symbol T is underlined in order to emphasize that we shall associate the approach to a fractional Caputo derivative. A fractional frame basis 2 We use "up" and "low" left labels which are convenient to be introduced in order to not create confusions with a number of "horizontal" and "vertical" right indices and labels which must be distinguished if the manifolds are provided with N-connection structure. In our papers, we work with mixed sets of "fractional" and "integer" dimensions (and holonomic and nonholonomic variables etc). This makes the systems of labels and notations for geometric objects to be quite sophisticate even in coordinate free form formalisms. Unfortunately, further simplifications seem to be not possible.
for j ′ = 1, 2, ..., n and b ′ = n + 1, n + 2, ..., n + n. The fractional co-bases are
where the fractional local coordinate co-basis is
Explicit constructions in the geometry of fractional tangent bundle depend on the type of chosen fractional derivative.
A geometrization of fractional Lagrange mechanics
A fractional Lagrange space
∂ a with respect to local bases (2) and (3)) with an associated class of N-adapted fractional (co) frames linearly depending on
3 computed with the aim to encode the fractional Euler-Lagrange equations into a canonical semi-spray configuration [1] ,
with α L g cb computed respectively by the same formulas as α L g kj .
where
We conclude that the regular fractional mechanics defined by a fractional
This allows us to apply a number of powerful geometric methods in fractional calculus and applications.
An almost Kähler-Lagrange model of fractional mechanics
A fractional nonholonomic almost complex structure can be defined as a linear operator α J acting on the vectors on
where the superposition A fractional Lagrangian
The Main Result in [1] (see similar "integer" details in [15, 14, 10] ) states that the fractional canonical metrical d-connection α c D with N-adapted coefficients (7), defines a (unique) canonical fractional almost Kähler d-
A component calculus with respect to N-adapted bases (4) and (5) 
The last (nonholonomic almost symplectic) ones are most convenient for deformation quantization.
Fractional Deformations and Quantization
In this section we provide a nonholonomic fractional modification of Fedosov's construction which will be applied for deformation quantization of fractional Lagrange mechanics, see next section.
Star products for fractional symplectic models
Let us denote by C ∞ (V ) [[v] ] the spaces of formal series in variable v with coefficients from C ∞ (V ) on a Poisson manifold (V, {·, ·}). A deformation quantization is an associative algebra structure on C ∞ (V ) [[v] ] with a vlinear and v-adically continuous star product
where r C, r ≥ 0, are bilinear operators on
If all operators r C, r ≥ 0 are bidifferential, a corresponding star product * is called differential. We can define different star products on a (V, {·, ·}). Two differential star products * and * ′ are equivalent if there is an isomorphism of algebras A :
r A v r , for 0 A being the identity operator and r A being differential operators on C ∞ (V ).
Fedosov operators for fractional Lagrange spaces
where i is the complex unity. The local coordinates on α T M are parametrized in the form u = {u α } and the local coordinates on T u α T M are labelled (u, z) = (u γ , z β ), where z β are the second order fiber coordinates (we should state additionally a left label α if the fractional character of some coordinates has to be emphasized, for instance to write α z β instead of z β ). In deformation quantization, there are used formal series
where β is a multi-index, defining the formal Wick algebra α W u . The formal Wick product α • of two elements a and b defined by some formal series (10) is
Such a product is determined by a regular fractional Lagrangian 
, and all other gradings of the elements v, z α , α L e α are set to zero (we adapt to nonholonomic fractional configuration the conventions from [9, 10, 11] ). We extend the canonical d-connection
where z e α is a similar to α L e α on N-anholonomic fibers of T α T M, depending on z-variables (for holonomic second order fibers, we can take z e α = ∂/∂z α ).
where a ∈ α L W ⊗ α Λ is homogeneous w.r.t. the grading deg s and deg a with deg s (a) = p and deg a (a) = q.
The d-operators (12) satisfy the property that
where a −→ σ(a) is the projection on the (deg s , deg a )-bihomogeneous part of a of degree zero, deg
A fractional Lagrangian α L induces respective torsion and curvature
αβ and α L R τ ϕαβ being respectively the torsion and curvature of the canonical d-connection α c D (7). Using the formulas (10) and (11) and the identity
we prove the important formulas:
We have all formal geometric ingradients for performing deformation quantization of fractional Lagrange mechanics.
Fedosov Quantization of Fractional Mechanics
The Fedosov's deformation quantization theory is generalized to fractional Lagrange spaces. The class c 0 of the deformation quantization of fractional Lagrange geometry is calculated.
Main theorems for fractional Lagrange spaces
We denote the Deg-homogeneous component of degree k of an element 
and this element can be computed recursively with respect to the total degree Deg as follows:
Proof. The proof is similar to the standard Fedosov constructions if we work with the Caputo fractional derivative in N-adapted form, by induction using the identities
For integer dimensions and holonomic configurations we get the results from Ref. [9] proved for arbitrary affine connections with torsion and almost Kähler structures on M.
The next theorem gives a rule how to define and compute the star product (which is the main purpose of deformation quantization) induced by a regular fractional Lagrangian. 
where the projection σ :
] onto the part of deg sdegree zero is a bijection and the inverse map τ :
Proof. We may check by explicit computations similarly to those in [9] , in our case, with fractional Caputo derivatives that such constructions give a well defined star product.
Cohomology classes of quantized fractional Lagrangians
The characteristic class of a star product is (1/iv)[θ] − (1/2i)ε, where ε is the canonical class for an underlying Kähler manifold, for nonholonomic Lagrange-Einstein-Finsler spaces we analysed this construction in Refs. [10, 11, 12, 13] . This canonical class can be defined for any almost complex manifold. We show how such a calculus of the crucial part of the characteristic class cl of the fractional star product α * from Theorem 4.2 can be performed. In explicit form, we shall compute the coefficient c 0 at the zeroth degree of v.
A straightforward computation of 2 C from (9), using statements of Theorem 4.1, results in a proof of Lemma 4.1 There is a unique fractional 2-form α L κ which can be expressed
L e β , with nontrivial components of curvature and torsion defined by the canonical dconnection.
This allows us to compute the Chern-Weyl form
. 5 These formulas and Lemma 4.1 give the proof of 
For such nonholonomic bundles, the class N ε is the first Chern class of the distributions T
of couples of vectors of type (1, 0) both for the h-and v-parts. We can calculate both for integer and fractional dimensions the canonical class L ε (we put the label L for the constructions canonically defined by a regular Lagrangian L) for the almost Kähler model of a Lagrange space L n . We take the canonical d-connection L D that it was used for constructing * and considers h-and v-projections hΠ = 
Conclusions and Discussion
In this paper we provided a generalization of Fedosov's method for quantizing the fractional Lagrange mechanics with Caputo fractional derivatives. We used a fundamental result that nonholonomic geometries (for certain classes of integro-differential distributions modeling fractional spaces [2, 3] ) can be modeled as some almost Kähler configurations which can be quantized following Karabegov and Schlichenmaier ideas [9] .
We argue that the approach to fractional calculus based on Caputo fractional derivative is a self-consistent comprehensive one allowing geometrization of fundamental field and evolution equations and their quantization at least in the meaning of deformation quantization theory.
In various directions of modern mathematics, physics, mathematical economics etc, there are also considered, and preferred, different fractional derivatives, for instance, the Riemann-Liouville (RL) derivative. It is a problem, at least technically, to elaborate a well defined differential geometry with RL type fractional derivatives not resulting in zero acting on constants (see detailed discussions in [2, 3] ). So, for such fractional calculus approaches we can not geometrize mechanical and field/evolution interactions in a standard form. In general, it is not clear how to define a RL-differential geometry which would mimic certain integer dimention type geometries. As a result, we can not perform a RL-quantization following usual geometric/deformation methods.
Our proposal, is that for fractional models, for instance, with RL fractional derivative, we can geometrize the constructions, and elaborate quantum models taking the Caputo derivatives for certain background constructions and then to deform nonholonomically the geometric objects in order to re-adapt them and generate a necessary RL, or another ones, fractional theory.
